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Abstract

The object of this paper is to obtain some generalization of two
variables Hermite polynomials, generating functions, recurrence
relations, partial differential equations, Rodrigues formula, relationships
with Hermite and Legendre polynomials of one variable, and some
special properties.
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INTRODUCTION
Generalized polynomial setH (x) bhas been defined by Lahiri [1971]

n,m,v
in the form
= H L xOE"

Z _ evxt—tm

n=0 n '
where n is a nonnegative and m is positive integer. Recently, Khan and
Abukahmmash [1998] defined Hermite polynomials of two variables

H,(x,y) asfollows:

where H (x) are the well known Hermite polynomials of one variable.
They defined generating functions for H | (x Y ) in the following form:
i H, (y)t"

"o n!
For brevity, following notations are being listed:

s 1{2) (222) 22

— e ~(y+1)t?
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a a+l a+b-1

b
In this paper a generalization of the Hermite polynomials of two variables
and many results have been obtained.

GENERATING FUNCTION FOR H, , . (x,y)

Generalized Hermite polynomials of two variables have been defined by
means of generating relation

0 n

ZHn,m,v(le)t _ evxt—(y+l)tm (1)
n=0 n!

where n is a nonnegative integer and m is a positive integer. Now,

consider

= Hn,m,v(x’y)t = (VX) tn+mk (y +1)
Z ! Z ntk!

in/m] (VX)n mk( ) (y +1)kt

= (n—mk )k!
On comparing coefficients of t" from both the sides, we get

["’m](—l)k nivx)"™ (y +1)k

Ao, X0¥) = é (n—mk )'k!

_ U EY @)™ (y 1) (=n),, !
-2 k1(-1)™ n!

k=

o

_1)(m+1)k m™ A I:(m .n)](vx)n—mk (y +1)k

[n/m]( ) :
- kZ; k! )

=(vx)" mFO[A(m;n);—;—(y +1)(_jm} 3)

Particular case
1) Setting y =0 in(2) we get a known generating relation ([Lahiri

1971]; eq. (3.2)),
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H o, (6,0) = ()’ mF{A(m;n);—;‘(%)m}
=Hm, (%)
2) Settingm =1, we get
Hn,l,v(xiy) = (VX —(y +1) )n

Next, consider the sum
© (c)n Hom, (YL

Z n!

- . [n/m](—l)k (C)n ni(vx )nfmk (y +1)ktn
= Z:; Z (n_mk )!k!

>
o

(_1)k (C )mk (C +mk )n (VX )n (y +1)k tn+mk
ntk!

Thus one arrives at the divergent generating relation.
- mt ;
1-vxt F,|A(m;c);— —(y+1
(-vxt)”, {( Jimi = (y >[1_th] ]
c) H,, (x,y)t"
( )n sy (4)

EZ n!

=0, m=v =2 , awell-known result is obtained

1l
M

n,k=0

=

>S5
< ©

Particular case, whe

(1-2xt)" ,F, {A(Z;c )i = —(y +1)(1—22txtj }

(c), H,(x,y) t"
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Homo (X)) (t4+v)'

Hn,m,v(x’y) in!tn_kvk

M: I

1l
o

n

—e¥ (t+v)=(y +1)(t+v)"

for m=v=2 , one gets

2xt y+ltzinmv X yt —t y)
=0 k!

k
By equating the coefficients of V—' , One obtains

= H  (x,y)t"
Z:j n!
Consider,

o Hn+r+s,m,v(X 7y )tnusvr
222

r=0s=0n=0 r!S!n!

:iiiHnms,m,v(x y)

oSt ri'sinl

n,s r

t'u v

ni = k!(n—k)!

:eZXt_(y+l)t2Hk,m,v (X _yt —t Y )

()

n=0 n!
& H LGy T u v
_g o (1+ +—j

oy nt

_ evx (t+u+v)—(y +1)(t+u +v)m

Consider the identity,
evxt—(y AT —e v(xt)—(y +1)(xt)me(y H)x MM —(y +1)t"

OOy #1)(xt)" g (X" e

(6)
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iHn,m,v(X ’y)=iH“xmxl(1 Y ) (xt)" i(y +1)k (Xz—l)ktmk

n=0 n! n=0 n! k=0 k!

pa (LY )™ (y +1) (x2-1) ™
- (n—mk )tk !
Equating the coefficient of t" one gets
o/m n!Han 1’y xt n—mktn—xk y+1k Xz_lk
oy e () O (1) ()
] (n—mk )tk !

Next, consider the identity
ev(x1+x2)t"‘ =evxlt—(y +1)tmevx2t—(y A e(y )"

(7)

Or
© H (X1 +X,,y)t"

Z n,m,v

n=0 n!

Hrmv 2’ y+1) tms

= Hn,m,v (X ’y)tn = =
D ) Ly
n=0 - r=0 - s=0
=2

n=0r

= n,m,v l1y)Hn,m,v (XZ’y)(y+1)stn+r+ms
Z niris!

NgE

1l
o

S

—

n/zm] Hn—ms,m,v (Xliy)Hn,m,v (XZ’y)(y +1)Stn+r
ar (n—ms)iris!

Il
NgE
NgE

S
Il
o
=
Il
o
wn

1 [ r; }Hnrms,m,v (Xl'y )Hr,m,v (XZ’y)(y +1)Stn+r
nZ::;rZ Z; (n—r—ms)iris!
Equating the coefficient of t" one obtains

Hn,m,v (X1+X2’y)

. 7] n'H H 1)
_ T i'n-r-ms,myv (Xlly) r,m,v (XZ’y)(y+ ) (8)

= = (n—r—-ms)iris!
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Next, consider the identity
evxt—(yl+y2+1)tm . evxtft"‘ :ev(xt)—(y1+l)tmevxt—(y2+1)t"‘

iHn,m,v(X,yﬁyz)tm : k,m,v(X)tk:iHnmv X.y Z Hims X'y)

P n! oy k! —~ =

o0 0 © o H n+k
5 S Ho (v g, (0 =3, 3 e, OV
0 k=0 o n=0 k=0 nlk!

n+k

Equating the coefficient of t"" one gets,
Hnmv(x y1+y2)Hn,m,v(X )=Hn,m,v(x ’yl)Hk,m,v(X ’y2) (9)
where Hnmt( ) is known as generalized Hermite polynomial ([Lahiri

1971], Eq. (3.1)).
Now, by considering the identity

evﬁxt—(y )" =evxt—(y T .ev(ﬂ—l)xt
n nlH (/lx,y)ml(/I—l)k (x)k
H /1 ' — n-k,m,v 10
ama (A% Z i k) (10)

Similarly, by considering the identity

evxt—(iy +1)tm —e vxt—(y +1)t" e (1-2)yt™

one obtains
WmintH ey (XY )(1—y)k y

H X, Ay )=
(XA ) kZ::‘) k 1(n—mk )!
In a similar way, by considering the identity
ev&xt—(yy +)t" =evxt—(y )t .ev(ﬂ—l)xt—(l—y)tm tm

e
one obtains
Homy (AX,1y)

el n Oy H L (D )y )
= (12)
= = risi(n—-r-ms)!

(11)

>

RECURRENCE RELATIONS

H X t"
Since e (" Z s : ) (13)
n=0 n:

by differentiating Eq. (13) partially w.r.t. x, it becomes
=t" 0

——H X, 14
= n!ox i (X0Y) (1)

e vxt —(y +1)t™ _
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Now Eg. (14) can be written as

S VH (Y™ &t 0
nZ:(; n! 0nlax

Hn,m,v(x ’y)

which with a shift of index on the left, yields aiHOmv(x ,y)=0 and for
o om

n>1,
vH .. (xy) 10
o ==—H , 15
(n-1)! n!ox s (XY (13)
or
0
&Hn,m,v(x Y )=viH . (X,Y) (16)
Iteration of Eq. (16) gives
o vinlH o (x,Y)
—~H Y )= o 17
= Hone (X2Y) (n_s), (17)

Differentiating Eq. (13) partially w.r.t.y , one gets

_gm vxt- —(y+t" wtn a
t e on'@y nm,v(X’y)
or
S Hnmv X o =t 0
Z Y) el o (x0y) (18)

This with a shift of index on the left yields:

%Ho,m,v(x Yy )=0, aile,m,v(X ,y)=0,forn>2,
_Hnizr;mjz(;!’y) =%%Hn,my(x Y)
ay—ran,m,v (X,y)=—n(n=D)H, ,.,(x.y) (29)
Iteration of Eq. (19) gives
s OOV ) g o () @0

Differentiating Eq. (13) partially w. r. t. t gives

n-1
vx—m(y +1)t" e (y+2t" _Zanmvr(]): Y
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e S NH (G ye™t
VX —my +mtm ) e o n.m.y 21
( y ) > (0 1) (21)
Multiplying Eq. (14), (18) and (21) by x, m(y+1) and —t, respectively and
adding them gives

wtn a 0 0 -1
XYy ——H x m 1 x x =0
Lo P (Xy) em(y + ZO Hony () -2 I (x.y)
or
&xt" o : y+1 )t" o oot
—H —H Y )= H :
HZ:; n! ox ”m" X y Z 8y n,m,v(X y) nZ:;(n_l)! n,m,v(x y)
Equating the coefficients of t" , one gets
X 0 ( ) 1
H , H H l
nlax n,m,v(x y)+ ay nmv(x y) (n_1)| n,m,v(x y)
or

X%Hn,m,v(x ,Y)+m (y +1)§Hn,m,v(x 'y):nH”vm"’(X ’y) (22)

Combination of Egs. (4), (7) and (10) yields pure recurrence relation:
2nxH L (XY )=mm (y +2)(n=1)(n=2).ccce(n=(m=2))H (X))

=nH, ., (x.y)
and from Eq. (16) and (23) partial differential equation can be obtained:

(23)

=tH,,, (X,Y)
S H g (K09 )0 (3 +1(1-)(1-2) (1= (M=) H, 0, (X,9)

=an,m,v (X’y)

(24)

RELATIONSHIP BETWEEN H, ., (x)AND H, ., (x.y)

Since
> H X" m
Z n,m, v( ) — evxt—t (25)
=0

where H_ (x)ls generalized Hermite polynomial of one variable

[Lahiri 1971]. Replacing x by X andt by \/y +1tin(25 ), one gets

«/y +1
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_ evxt—(y+1)trn (26)

iHn,my(ﬁ)(»\/y )t
n=0 n!

In view of Eq. (1), Eq. (26) can be rewritten as:
H

OC OO n,m,v(ilx_)(y +1)%tn
Z Hn,m,v(va ):Z y+1

n=0 n=0 n I

Equating the coefficients of t" gives

Hn,m,v(xiy ):(y+1)2Hn,m,v[\/%J (27)

Now
Hn,m,v(_x’y ):(_1)an,m,v(X’y) (28)
For y =0, Eq. (27) reduces to
H, ., (x,0)=H, . (x) (29)
and for x =0 , it becomes
Homo(0,y )=(y +1)"H, . (0) (30)
but My, (0)=(-1)'m™ [%j Hopan, (020 (@)

Now using Eq. (31) into (30) one obtains

Hmn,m,v( O,y )=( y +1)n (_1)n m™ (ij

m
Hmn+l,m,v( O’y )= 0
For x=y =0, Eqg.(27) becomes

nmv(Oo )_ Hn,m,v(o) (33)
which in the light of Eq. (31), gives

Horams (0,0 )=(~1)'m" [;j = Hpn(0) (39
(0,0)=0 = H

(32)

mn+1m v mn,m,v (0) (35)

THE RODRIGUES FORMULA

Examination of the defining relation

evxt —(y+1t™ n m, v(X y )t
n=0 n'

(36)
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The application of Maclaurin's theorem gives at once

H n,m,v(x ) Y): |:3t_nevxt_(y+1)tm :|
t

=0
Xv

,m

The function e is independent of t , so one may write as

S ) %e[[ﬁj(ﬁt)]

t=0

Now substituting [L — (T/y +1t) = @ gives
T/y +1J

e_ﬁHn’m’V(x,y)z (-1)" (y +1)% {dd - e“"m}
wzn{/ﬁ

v
n X

n n d
—(-1 1 el
(-1 (y +1)° e

or

Hy o, 00Y) = (1) (y +2) eyl D”e[y”], D Edix (37)

i.e., a formula of the same nature as Rodrigues formula for Hermite
polynomial of two variables [Khan and Abukahmmash 1998].

EXPANSION OF POLYNOMIALS

Since

It follows that

ev><t—(y-¢—l)tm _ i H n,m,v (X Y )tn

o i“ﬁ?”—[nio—“*??!”"}[i“"miﬁ””J

= i i Hn,m,v (X ,y)(y +1)k £ nmk

n=0 k=0 ntk!
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ignmwdwmw

- (n—mk)Ik!
Equating the coefficients of t" , one gets
n {m}n'Hn—mk,m,v(X 'y)(y +1)k
ko v (n—mk )lk!

Employ Eqg. (38) to expand the Legendre polynomial in a series of
Hermite polynomials, e.g., consider the series

ipn (X )'[n = B} (_1)k (1/2)n_k (2X )n—zk .

X

(38)

s

n=0 n=0 k=0 k'(n—2k)!
2 & (-1) (1/2) | (2x) "
nZ:(; Z(; kiIn!

from Eg. (38) one has

(2x)" _[’“g Homems (XY )(y +1) 27
nt & v'(n—ms)!s!
Hence one may write as

(39)

o oooo[ﬂ_k X 1) 2k on
SP ) =YY (1) (1/2)  Honem, (X¥)(y +1)£772

n=0 n=0 k=0 s-0 k !s!(n—ms)!v"

55 Y W2, Mo ()l sy 2
n=0 k=0 s=0 kisIn! (V)Mms

55 3 Wy Homs () 2
n0 k=0 s-0 (k —s)!s!n!(‘/)mmS
e oY G*“*k) @ (<1 Ho, (03 )(y ) o

_ (m-1)s n+k
nZ:; kZ; SZ; ki(k =s)lsInty™™

L (;j Ho, ()2 k(D) (;+n+kj (y +1)7t"

_ n n+k (m-1)s
_nzz(; é kinty" ; sl(k —s)w™

Particular case, for v=m =2, it can be obtained
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3y (1) (@E!k:nvzz(xm Jtre2 g(_k ) (; +Sn! ; k ) (y +1)

,Fs [—k ,;+n +k;w}(—1)k Gjm H,(x,y)(y +1) t"*

P kin!

) [ ()

4
k!(n—2k)!

Equating the coefficients of t" , one has
. 1 oyl 1 ;
3] ZF{—k,2+n+k,_,()}(_1)k Un_kH”'Zk (x,y)t

4 2

Ple)=2 Ki(n—2)! (40)

Khan and Abukahmmash [1998] defined the Legendre polynomial of two
variables in the form

2]\ \'
Pn (X’y)= ZZ( ry') I:>n—2r (X) (41)

Now employ Eq. (38) to expand the Legendre polynomial of two variables
in series of the final generalization of two variables; Hermite polynomials

of two variables. From Eq. (38) consider the series

i 2 3l
Se x-S e e

o B (5] @ e
:;J;( ry') = (Zsj!n(riZS)!

5 g

r s( 1 n+2r+2s n
SURION & (9 ) (31 2
ris! = v'(n-ms)lk!
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(_y )f (_1)5 () g n2r2smk . (X Wy )(y +1)k on-+mk
n+mk +s

:§ Z; Z;;J FISIntK 1™

r S| 1 n+2r+m-. +25 n+m:
(_y) (_1) k (2) t 2 ( Z)k 2 anm‘v (X ’y)(y +1)k 2 k
n+(m-1)k +s

"L 2 L2 (s =K )intk "™

(_y )r (_1)s—k [;+n +S) (1j tn+2r+(m_2)k+stn,m,y(X ,Y)(y +1)k AR
(m-1)k n+s

o o @ S 2
L L L rifs—k )itk ™

r S 1 n n+2r+2s
() (0 (3] 2 M ey

o risinty”
(1+n+5j (y +1)" 2meg(m2K
' i 2 (m-1)k
(-1) k™
As a particular case, if m=v=2, one gets

Y (2] 2H oy [ Renas | (y 1) 2
- o w n,2,2 S 2 v
=2 22 risin2" ;J (1) k12%

r s( 1
(—Y) (—1) () Hn 22(X ,y )tﬂ+2r+25 B X .
= 3 Y 2 n+s v fS,E+n+s;_ y_+1
_Z;‘ Z?Z? rlsin! zFo_ § ( n j
. ' s(1 n+2r
_i i[z} (_y) (_1) (ZJn—s Hn—Zs,Z,Z (X ,y)t F _*Sém—s? (y +1j_
_n=0 r=0s=0 r!S!(n—ZS)! 2 0_ - 4 |

3y ) () (zjz Mooz (Y F [—s ;+n-2_r—s;[ y +1ﬂ

2
e SZ::; risi(n—2r-2s)!
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The final result is

H {zz} () () (;)2 Hoamz2(0Y) F {S é*”?“?[y_zlﬂ (42)

P y =
n(X y) ;s:o r!s!(n—2r—23)!

Fory =0, Eqg. (42) reduces to the known result

—S,1+n—2r—s; s(1
[ﬂ 2 FO |: ? - _1:|(_1) (2] H n-2s,2,2 (X VY )
P (¢ ’y):s=o s!(n —25)!n_S (43)
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