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Abstract: The transition matrix X(t) between the power sum product and Hall-
Littlewood function gives us Green’s polynomials. These polynomials are useful
in the construction of the irreducible characters of GL(n, q), see [Green 1955]
and [Morris 1963]. In this paper we consider the special case t = w, where wis a
primitive pth root of unity. Our intension is to give proof of some conjectures
[Morris and Sultana 1991].
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INTRODUCTION

We shall first briefly review some of the basic definitions and results. We
follow closely the notations used in Macdonald [1995].
Let A = (A4 ... An) be a partition of n; thatis A; + ..+ A, =n, A,
>A, =2... A, > 0. Length of the partition is denoted by A(A) = m. We
shall write |A| for ZA;, called weight of the partition.
We some time write a partition A in the form

A=@m™2™ ..r™).
where m; = mi(A) is the number of parts of A which are equal to i.
Let @n) denotes the set of all partition of n. A partition A of n is row A-
singular if Aiy1 =Au2=... =A A > 0 for some i. Otherwise A is row A-
regular.
A partition A of n is row A-singular ifAl A, for some i. Otherwise A is
column A-singular.
For later use we let @, (n) and @)‘(n) denote the set of row A-regular and
column A-regular partition of n respectively. Then it is well known that
@, (n)| =|? A(n)l [James and Kerber 1981].

Let X1, Xo, ... be an infinite set of indeterminates and t an indeterminate
independent of the x;, X,...x, Let P, (X; t) and Qx\(x,; t) be the Hall-
Littlewood P and Q-functions defined by [Macdonald 1995]. We may have

Q)\(X; t) = b)\(t) P)\(X; t) (1.1)
where ba(t) = |_| En oy © (1.2)
and e =1-)@-©..@1Q-t) (1.3)

Then we define another function
Qx; ) =ar (x; 1)
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Moreover by using differential operator on Hall-Littlewood P and Q-
functions it has shown in [Sultana 1999] that

0
n—— on=(1-t") dnn (1.4)
op

where p; is power sum symmetric function p; = Z x: i=12,...)
r=

The transition matrix X (t) connecting the Py (x; t) or Q, (Xn; t) with power-
sum bases {p,(x)=p”..p,"} p=(@".n") is called Green’s
polynomial, that is

o) = Z X5 (1) P, (x; 1) (1.5)
and Q, 00 =Zz)" XJ(t) p,(n) (1.6)

where z,, (t) = I_l (;L;tpi)

iz ' i

and thus X7 (t) O Z[t] [Sultana 1999].

The following is a generalization of the Murnaghan-Nakayama recursive
formula in [Murnaghan 1938] for calculating irreducible characters of
symmetric group S,. We give here a proof of this result.

Theorem
Let Xf, (t) be the Green’s polynomial and o' = (1‘71 2% . nfr NPV,

then X7 (1) = X% (t), where M(A) is the set of m partitions p of N-n
HONTA)
obtained by subtracting n from each part of A in turn.

Proof
By theorem given by Macdonald [1995] on page 107 we have

QX t):|‘J L+({t-DR+(E -1 R +..)a(x 1)

Where Rj is the operator, which replaces A; by A1 and A; by Aj;. Thus
QXY= W) Gy,

where Wr(t) O Z[1]

we see that gg) = 0 if any part of R, is negative. If we replace A by A - n[J,
where 00;=(0, ..., 0,1, 0, ...,0) with 1 in the ith place we obtain

i QA—nD, = Z Yr () 2 Or(r-n) »
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or

1-1t" 2 Qi = Z Wr (t) 2 (1 =t Orpiong)

Now by using (1.4) we have

n il c a
1-1) Z Q/\—nDi =Z R () Z Aray, -+ N 2= Q) -+ Uiy,

n

0
" op,

Therefore, n % Qx;t)=1-t" Qu(x; 1) 1.7)

n HOM(A)
Now substituting (1.6) in (1.7) and then comparing the coefficients of
" p P . We get the required result.

“Mn
Also for t = 0 since P, (x; 0) = S,, where S, is Schur function defined by
[Schur 1911], we have

Pe=3 X, S, since X) (0)= x,
where )(j‘J is the value of irreducible character y* of S, at elements of
cycle-type p.
For the case t = - 1. If A O @,(n) and p 0 @?(n), then
Xp(_l)=2(A(A)—A(p)+D(A))/26f,
A
where 52 are the irreducible spin characters of S, and OA) =1 or O

according as n-A(A) is odd or even.

From Macdonald [1995] we have the following results:

xr/: (t)=t"" Bt D) (1.8)
where nA)=2Z@(-Drand@(t)=(1-1t) ... (1-1t)
and XY (t) = n -1/ ) (1.9)

RESULTS ON X(w) WHERE w IS PRIMITIVE pth ROOT OF UNITY
Now we shall discuss the transition matrix X(w) which is special case of
X(t) where t = w, wis a primitive pth root of unity. Then X(w) are of great
interest in the modular representation theory. Morris and Sultana [Morris
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and Sultana 1991] discussed the transition matrix X(w) for n = 3,4,5 and
forp=2, 3.

We now divide the matrix X(w) into four submatrices say X;(w), Xz(w),
X3(w) and X4(w) arranged as follow.

@,(n) @ny
@ (n)
@”*(n) Xa(0) Xa(0)
@ny @? (n) Xa(w) Xa(w)

It was noted that X4(w) are either zero or divisible by p.

There are two conjectives given by Sultana [1990], in this section we shall
prove those conjectives for some partitions. By using (1.8) and (1.9) we
shall prove the following results.

Theorem

(k-1(p-1)
Let A = kp, where p is any prime, then X*"(w)=pw 2

Proof
Since by (1.7) we have

Xa ©=t""g, ().
Thus for t = w, wis primitive pth root of unity and A = k°, we have

n(\) = i (i — 1)k

p-1

and @\(A)—l(w_l) = (1-wh

Hence
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_p-ll kp_ll
D@=po " o

-1
=Y i

:pw(k'l) =1
(k=)(p-1
2

which is required result.

Remark
Above theorem shows that

P/ X ().

Theorem
Let n = kp + j, where p is primitive pth root of unity and j < p. Then
@ - ko y@)
X, (=K p° X;'(w) wheneverphask parts equal to p
=0 otherwise,

where Xl(lll) (@) is the polynomial for the transition matrix in which rows and
columns are indexed by the partitions of .

Proof
Let p = (K°, My,...,u;), where (Uy,...,u;) be any partition of k. Now in
equation (1.8) for t = w, where wis primitive pth root of unity. We get

, kp+ j
ij,l”(w) = |p—JJ (w‘—l)/rl (W -1)
1= J
i
(' -1)
= p k! —l'r:J

|'l(w”' -1
i=
=ptkl X (w).
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