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Abstract: 2r1eperiodic solutions of certain one dimensional non-autonomous
cubic differential equations are investigated in the whole plane when the
coefficient of cubic term in the equation does not change sign, using the
transformations (1.3). Also we have proved that the transformation can be
applied to non-homogeneous system (4.1) for possible investigation of 2t
periodic solutions.
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INTRODUCTION
We consider the differential systems of the form

B=AX+y+p, (X, Y)

$e—x+Ay+0,(x,Y)
where p, and g, are homogeneous polviomials in x, y of degree n and A
is a real constant. In polar form equaticsi (1.1) can be written as

8= Ar + r"f(6)

E=-1+ r'y0) (1.2)
where f(B)and g(B) are homogenenus polynomials of degree n + 1 in cost
and sin 8. Now we define

(1.1)

p=rt(1-rge)* (1.3)
Then after some manipuiation, we obtain

G

dg = a(0)p° - BO)p? - A(n-1)p (1.4)

where
a(®) =-(n-1)g(®) {f(6) + A g(6)}

B(6) = -(n-1){f(B) +2Ag(6)} + 9'(8)
are hoimogenous polynomials in cos@ and sinB of degree 2n+2 and n+1
recpectively. The transformation (1.3) is defined in an open set D
contiaining the origin, where

D ={r,6); I"* g(6) < 1}, (1.5)

In this paper we are mainly concerned with the number of 2re-periodic
solution of (1.4) or the number of limit cycles of (1.1) in the whole plane
when the associated function a(B) in (1.4) does not change sign.
Previously results have been obtained about the number of 2reperiodic
solutions of (1.4) inside the set D [Cherkas 1976, Lloyd 1982]. We were
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motivated by the paper of Carbonell and Llibre [1997]. The relationship
between (1.1) and (1.3) will be explained in section 2. In section 3 results
will be obtained for homogeneous systems (1.1). In section 4 we will
show how the transformation (1.3) can be applied to non-homogeneous
systems to investigate the number of 2r-periodic solutions.

THE TRANSFORMATION
The transformation (1.3) is used to investigate the number of limit cycles
of (1.1). For Quadratic systems see Coppel [1986] and [Lins Neto 19€C; 1
extends at least as far as the outermost limit cycles surroundirg tie
origin. Note that the transformation (1.3) mapsr=0top=0,r>0t0o >0
and the neighbourhood of r = 0 to neighbourhood of p=0.Ifp>0and 1 +
g(8) > 0 for all 8, we invert (1.3), then r is the positive (n-1) the root of

P 2.1)
1+ pg(6)
It is easy to check that for system (1.1) the cniical goint at the origin
corresponds to the constant solution p = 0 of (3.4} and limit cycles of (1.1)
correspond to 2te-periodic solution of (1.4) with (> sinall and positive.

LIMIT CYCLE
To investigate the number of limit cycies of (1.1) or 2r-periodic solution of
(2.4) when a(0) in (1.4) does not change sign. We define curve.

K =1{r,0): &=0} (3.1)
Then on K, "™ = % 7he possible forms of K when n is odd are as
g
follows
’/I’
el
7~ /,/
7
g6)=0 i=1.2 gB)=0 i=1.2
g(6)<0 forall @0 (6, 6,) g®)>0 forall®0 (6, 6,)
nis odd and

g(8)>0 forall®.
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We are interested in the case (iii) when n is odd and g®) > 0 for all 8. In
this case K is simple closed curve which divides the plane into two parts;
& <0and &> 0. To see the number of limit cycles inside the curve K, we
use the transformation (1.3). We suppose that a(6) in (1.4) never zero. It

. . : (R

is easily seen that the constant solution p =0 and p = - E if g >0
g

for all 8 are 21e-periodic solutions of (1.4).

To investigate the number of limit cycles outside the curve K, we use ihe

transformation

1
0= a4 (32)
r'-g@)-1
If 0> 0, we can invert (3.2) and we have
+
o O*L (3.3)
ay(0)
Then in (0,0) co-ordinates, system (1.1) becomes
99 _ p@)o® + BO)0? C8)o (3.4)

dé

where
A(8) = -(n-1){f(E)+ X g(6)Hg(6) = a(B)/ (9(6))

B (6) = -(n-1){21(8) +2Ag(6)}/9(8) - 9'(6)/ 9(6)

C(6) = -(n-1) f(6)/9(6) - g'(B)/ 9(8)
The transformation (2.2) mapsr=0to o =-1,r = to 0 = 0 and the curve
K into o = . It cat be seen that 0 = 0 and o = -1 are periodic solutions of

(3.4). Let
S(0,8) = A(8)a® + B(B)a® + C(8)o

and we denote the return map associated with this system by h*(x). Then
the cerivative of the return map[Lloyd, 1982]atc =0 is

h*" (x) = exp [(n-1) D4] (3.5)
where
2 f(H)
D, =- —
z[ 9(6)
Since A(B) = a(0)2 and as a(0) is of one sign g(B8) > 0 for all 6;
(9(6))

therefore A(8) is of one sign. Thus in different cases we have the
following results.
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Theorem
Let n be odd and a(0) = 0. Then there is one limit cycle if A\a(8) = 0 and no
limit cycle if Aa(8) < 0.

Proof

Since a(B) = -(n-1) g(B) {f(6) + A g(B)} = 0. Then A(B) = a(0)2 >

{9(6)}

Because g(6) > 0 for all 6. Let H(B) =1(8) + A g(8). Then a(B) = 0 implies

H(8) < 0; as g(8) > 0 for all 8. On the curve K, =0and B=r H(BYu(B);

therefore the vector field on K points radially inward. Now

() Let A >0. Then from (1.1) it is clear that the origin is unstahlz, thus
by Poincare Bendixon theorem there is at least one closed orbit
between p = 0 and the curve K. To look at infinity, we use the
derivative of return map given in (3.5). Since H(B} < G 2nd A > 0, g(8)
> 0. Therefore f(8) < 0 and hence (3.5) gives Dy > 0; thatiso =0 or
infinity is unstable (repelling). So we have zi most two limit cycles
between ¢ = 0 and K or non. As the maxir:tiri number is three, and
two namely o = 0 and o = -1 are known, thercfore if A >0 and a(0) 20
there exists exactly one limit cycle inside K.

(i) Let A <0. Then H(B) =f(6) + A a(R; <9 implies that either f(8) < 0 or
f(6) = 0. If g(B) < 0 then D; > 0 and nience by (3.5) o = 0 is unstable.
So there is no limit cycle betaeen the curve K and o = 0. Since A <0
then the origin (p = 0) is stable and the vector field is inward on K,
therefore there are two limit cycles or no limit cycle between p = 0 and

the curve K. Since p=Gandp = - ﬁ are known and there are at
most three limii cycles in total, thus there is no limit cycle between p =
Oand Kif A <G and a(B) = 0. Similarly if f(8) >0 thenD;<0and o =0
is stable; tlierefore by Poincare - Bendixon theorem there exists one
limit cvcie between o = 0 and K and non between p = 0 and K.
Now lei a{6) < 0; then the vector field on the curve K is radially outward.
Follzwing the same procedure as above, we have the following result.

Theorem
Let n be odd and a(B) < 0. Then there is no limit cycle if Aa(B) < 0 and
there is one limit cycle if Aa(B) = 0.

EXTENSION TO NON-HOMOGENEOUS SYSTEM
In the previous papers, work has been done for the systems of the form
(1.2). In this section we show how the transformation described in section
2 can be applied to the systems of the form
= A X +Yy + Py(X, y) + X Rna(X, y)
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¥= X+ Ay +0n(X, Y) +Y Rma(X, Y) (4.1)
where p, and g, are homogeneous polynomials in x and y of degree n
and Ry, is a homogeneous polynomial of degree m-1 in x and y.
In polar co-ordinates the system (4.1) can be written as
B= Ay + r'f(0) + r"R(6)
& =-1+ r"g(®) (4.2)
where
f (8) = cosb py(cosh, sind) + sind gn(cosh, sinb)
g(0) = cosB gn(cosh, sinb) - sinB p,(cosh, sinb)
R(8) = Ry.1(cosb, sind)

are homogeneous polynomials of degree n + 1, n + 1 and m — 1
respectively. Since & in (4.2) is independent of R(8), we can use the

transformation (1.3). After some manipulation, in (£,9) cc-ordinates we
have

92 (o + pHI-LY(HE) + 20g(6) - ' 19)

dég
_lr' m-v.'!'-lRe
+ P{(-DEO)9®) + Ag@)+ D RO @3)

From (4.3) it is clear that we can only transform the system (4.1) into the
form (1.4) if m = 2n -1, then the system (4.1) in (p,0) co-ordinates
becomes

P = a@p + pOp - (- 1 (4.4)
where

a{6) = -(n — 1){g(®)(f(6) + Ag(8)) + R(6)}

B(8) = -(n - 1){f(®) + 2Ag(O)} + ' (6)
are homogerizous polynomials in sin@ and cos6 of degree 2n+2 and n+1
respectiveiy. Note that R(6) is of degree 2n-2, we can make it of degree
2n+2 muitiplying by (cos®@ + sin?8)%. Thus the only systems which are
amenabie {o the transformation (1.3) are of the form (4.1) with m = 2n — 1.
Our aim in this section is to consider equation (4.4) when a(0) does not
cnange sign and to explore some of the consequences for the
corresponding system (4.1). We therefore suppose that a(8) and [3(6) are
as given in (4.4). With regard to the system (4.1), the critical point at the
origin of (4.1) corresponds to the constant solution p = 0 of (4.4) and limit
cycles of (4.1) corresponds to 2re-periodic solution of (4.4) with p > 0.
Let | be an interval on the positive x-axis, p > 0. Let p(6,x) denote the
solution of (4.5) satisfying p(0,x) = x. If p (21 x) exists we define the
return map h(x) =p (2m,x). Then 21-periodic solution of (4.5) corresponds
to the zeros of the displacement function H(x) = h(x) — x. To obtain the
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results about limit cycles of system (4.1) we shall use the following
proposition [Gasull et al. 1987].

PROPOSITION

Assume that a does not change sign and a(8) # 0. Let h(x) be the
return map associated with the system (4.4). Then the equation
h(x) = x has at most three roots, counting multiplicity.

PROPOSITION [Lloyd 1997]
If a does not change sign and a(8) # 0, then system (4.4) has at most
three periodic solutions.
To investigate the number of positive 21eperiodic solution, we consider
two cases:
0] When n is odd, (i) When 1 i even.
2

When n is even, g(6) and pB(6) are of odd degree. hence I B(6) = 0.

Moreover if p(8) is 2reperiodic solution of (4.%). So is -p(6 + 1), and the
two are of opposite sign. Thus we have the foiiowing results.

Theorem

Suppose that n is odd and a(8) does nei change sign. If A # 0, then there
at most two positive 21eperiodic solution; there can be no more than one
ifa=0andA>0orA=0.

Proof

Since a(8) does not charige sign, by proposition (4.2) equation (4.4) can
have at most threa 2m-periodic solution. But p = 0 is one of them.
Therefore there are at most two positive 21t -periodic solutions. If A =0
and a(B) = 0. Ther, using derivative of the return map [Lloyd, N.G., 1982],
the origin is periodic solution of multiplicity at least two and h™ (x) > 0. So
there can be at most one positive 21-periodic solution. If a (8) =0 and A>0
ther H{x) <0 and H" (x) > 0. Thus h(x) — x can not have more than one
zergitx=0and A > 0.

Theorem

Suppose that n is even and that a(8) does not change sign. If A # 0, there
are no positive 21e-periodic solution if A\a < 0 and at most one if A\a = 0. If
A =0, there are no non-trivial periodic solution.

Proof
Since a(B) does not change sign there are at most three 2re-periodic
solution. But p = 0 is one of them, since n is even, if p(0) is a 2reperiodic
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solution of (4.4) then - p(B@ + 1) is also a 2reperiodic solution so there can
be only one periodic solution. If A=0 then the origin is at least of
multiplicity two and in this case periodic solution occur in pairs and they
are of different sign.

So there can be no non-trivial periodic solution of either sign. If A # 0 and
Aa(8) < 0. Suppose a =2 0 then A < 0. Thus h(x) — x > 0 for sufficiently
small x and H"' (x) > 0. Since in this case 2m-periodic solutions occur in
pairs therefore p = 0 is the only periodic solution, so there is no positive
2teperiodic solutions if \a = 0, suppose a = 0 then A > 0, therefore using
the derivative of the return map [Lloyd, 1982]. We have H(x) < O and
H" (x) > 0 so h(x) — x = H(x) can have at most one positive zero, so
there is at most one positive 2reperiodic solutions if Aa = 0. Tixe proof
is similar if we suppose a < 0.

References

Carbonell, M. and Llibre, J. (1997) “Limit cyles of a class of polynomial
systems”, Preprint University Autonoma de Barcelana.

Cherkas, L.A. (1976) “Number of limit cycles ¢! ain autonomous second
order systems", Differential nye Uraviighiya, 12, 668-688

Coppel, W.A. (1986) “A simple class of quadratic system”, J. Differential
Equations, 64, 275-282.

Gasull, Coll and Llibre (1987). “Some theorems on the existence of limit
cycles for quadratic systems”, J. Differential Equations, 67, 372-
399.

. _ . dx
Lins Neto, A. (1980) “On thr2 number of solutions of the equatlona =

n

Z} a,-(t)tj 0 <t <1 for which x(0) = x(1)”, Invent. Math. 59, 67-76.
J:

Lloyd, N.G. (1982) “Small amplitude limit cycles of polynomial differential
equatcin”, W.N. Everitt and R.T. Lewis (Eds.), Ordinary Differential
Equations and Operators, Lecture Notes in Mathematics N0.1032,
Springer-Verlag, pp. 346-357.

Lloyz, N.G. (1997) “A note on the number of limit cycles in certain two
dimensional systems”, J. Lond. Math. Soc., 2(20), 277-286.
vasmin, N. (1989) “Closed orbits of a class of two dimensional cubic

Systems”, Ph.D. Thesis, University of Wales, U.K.



