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Abstract: Numerical simulation of the steady, laminar, forced convection heat
transfer in the finned annulus is carried out for the case of fully developed
incompressible flow corresponding to thermal boundary condition of uniform heat
input per unit axial length with peripherally uniform temperature at any cross
section. Boundary fitted curvilinear coordinates are used to overcome the
singularities, being presented by the fin tip, in the solution domain. Various heat
transfer and fluid flow characteristics are investigated for a range of values of the
ratio of radii of inner and outer pipes, fin height and number of fins. The results
calculated are in good comparison with the literature results with considerable
gain in the computational time.
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INTRODUCTION
Development of high performance thermal systems have enthused
interest in methods to enhance heat transfer. Thus heat transfer from
rough surfaces has received a great deal of attention due to many
practical applications for increasing the effectiveness of heat transfer.
Laminar flow heat transfer occurs in a variety of engineering problems
and is of particular importance where viscous fluids are heated or cooled.
Since the heat transfer in these types of fluids is generally low, there is a
need for augmentation. Much work has been carried out for the internally
finned circular ducts [Nandakumar and Masliyah 1975, Masliyah and
Nandakumar 1976, Soliman and Feingold 1977, Soliman et al. 1980].
However, finned double pipe geometry needs to be extensively studied
for fluid flow and heat transfer characteristics. Agrawal and Sengupta
[1990] considered the heat transfer enhancement by external circular fins.
Syed [1997] has investigated the heat transfer enhancement in the
double pipe geometry with longitudinal fins attached on the outer surface
of the inner pipe. In this geometry, fin tip presents a singularity particularly
when considerable fin thickness is taken. Therefore there is a need of
very fine grid near the fin tip. Syed solved momentum and energy
equations on four different grid levels starting from the coarsest grid of

20x10 points in (r,@) system to the finest one of 160x80 points. This

type of refinement leads to extra computational work and is considerable
burden on the computer memory resources. In the present work, we have
generated a body fitted numerical grid to resolve the re-entrant corner
with the help of elliptic generation system. Although with the introduction
of boundary conforming curvilinear coordinates the transformed partial
differential equations become more complicated in the sense of having
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more terms and cross derivatives but the domain on the other hand is
greatly simplified since it is transformed to a fixed rectangular region
regardless of its shape. It is shown here that with the help of body fitted
grid the same accuracy in results can be achieved by solving the problem
on one grid level. A comprehensive comparison of results is also carried
out with those of Syed [1997].

PROBLEM STATEMENT
The system considered here is that of finned double pipe heat exchanger
comprising two concentric pipes with tapered longitudinal fins distributed
around the outer periphery of the inner pipe. Solution has been obtained
for different geometrical parameters, which are fin height, annular gap, fin
thickness and number of fins under the assumption of axially uniform heat
flux.

Lines of Symmettsy $=0
H

Fig. 1: Cross section of the domain.

The flow is assumed to be laminar, steady, and fully developed with
viscous dissipation neglected. The fluid is considered to be Newtonian
and incompressible with constant properties. All body forces are
neglected. The fins are assumed to be smooth and equally spaced and
have infinite conductivity, i.e. the fins are 100% efficient. An adiabatic
thermal condition is imposed at the outer pipe. Axial conduction is
neglected in fluid that is a fair assumption in our case as reported by
Shah and London [1978]. A cross section of the geometry under
consideration is as shown in Fig. 1. Let the outer radius of the inner pipe

be denoted by 7, and inner radius of the outer pipe be denoted by, . The
geometrical symmetry requires the problem to be solved in the region



NUMERICAL SOLUTION OF FLUID FLOW AND HEAT TRANSFER IN PIPES 255

where . <r<r, and 0<6 < ¢. The dimensionless numerical domain is
shown in the Fig. 2.
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Fig. 2: Computational Domain.

GRID GENERATION
Due to the complexity of the annular domain and because of the re-
entrant corner formed by the fin tip, a numerically generated body fitted
coordinate system is applied to resolve the difficulties in discretizing the
computational domain. The method used is suggested in [Thompson et
al. 1984, 1999, Liseikin 1999]. Therefore, the domain transformation

between the physical coordinates (r,6) and the boundary fitted

coordinates (5,77) is achieved by solving two coupled equations on the
physical domain.

v =52p
g
(1)
vip =81q
g

g, &, are the metric components of the metric tensor and gis the

square of the jacobian of transformation. In the computational domain the
grid generation Eq. (1) will become

A4, (x§§ + ng) + A4, (x,m + x”Q) - 2A3x,]§ =0
Al(y§§ +y§P)+A2(y/m +yr]Q)_2A3yl]§ :0

2 2 2 2
where A4, =X, tV,, A, =X T Ve 4, =X Xy T VY,

(2)
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Egs. (2) are discretized using central differences. The resulting equations
are solved using Successive Over Relaxation method (SOR) subject to
the boundary conditions provided by the boundary point distribution, with
automatic adjustment of the relaxation parameter o as given by Syed et
al. [1997]. The control functions P and Q are adjusted in such a manner
that we get concentrated grid on and around the fin tip. The Jacobian of
the transformation is given by

\/gz(xfyn _xny:)

The transformation relations are given by Thompson et al. [1984] for
conversion from Cartesian to Curvilinear coordinates. Following the
footsteps, relations have been established for the conversion from polar
to curvilinear coordinates. For convenience expressions for the first and
second derivatives are given below:

1 1 1
u, =E(rﬁnu§ —rﬁéu”), ;ue :E(rfun — U, )
QP 02, ~20.0u, )+ "] (007 ~20.0.0. +0_07)
u, = e T Oy, Oty )+ 3/2 g U0y +0,,0: )%

g
(r Ug —rguﬂ)—i-(rgé@; —2495(9,71”5,7 —H’ﬂné)é2 Xeéun _enuﬁ) ]

n

1, 2 r 2 2
r_zué)@ :g(rn Uge TT: U, _Zrérnufn)-'_ g3/2 [(19557”77 —2}’5}’,795,7 +9nnr§ )X

n n
The numerical grid generated in the physical domain is shown in Fig. 3.
The concentration of grid lines is quite visible near the fin tip.
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Fig. 3: Grid drawn in the computational domain.
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MOMENTUM EQUATION
Under the assumptions cited earlier, the momentum equation can be
written as

2.1 ' 2.0
1 1 1

D o ®)

or~ ror r-00° udz
where u' is the axial velocity component, p is pressure and z is the axial
distance. Viscous nature of the fluid and symmetry of the numerical
domain dictates the following boundary conditions:
(a) No slip conditions at the solid boundaries

) u'=0atr=r,, f<0<¢ ) u'=0atr, <r<rn.,0=4
My u'=0atr=r,,050<¢ V) u'=0atr=r,0560<p
(b) Symmetry conditions

8—M:O at@=0,r,<r<r, and a—“zo at@=¢ , rn<r<r,
00 00

We define the following dimensionless variables:

R="u="" R=S p=1
r() umax rO r()
1 )
where u,, =P 2R L3R IR,
4 dz

where R is the dimensionless point of maximum velocity and is given by

Rl 1-R?
" \2m(/R)

In dimensionless form, the Eq. (3) becomes
2 2
Cu Lou, 10U _=3 Ghere c=(1-R2+2RInR,) (4)
OR~ ROR R” 00 c
Dimensionless boundary conditions are:
(a) No slip conditions at the solid boundaries

u=0atR=R, B<O0<¢, u=0atR<R<R, ,0=p,

u=0atR=1,0<60<4g, u=0atR=R ,050<p
(b) Symmetry conditions
a—”ant@zO,RISRSI andé—u:OatH:¢,I%SRS]
06 06

Using the transformations established earlier, momentum equation and
boundary conditions are transformed into the computational domain. The
resulting equation after little manipulation will take the form

Qe + U, — Ol +OU, + U, = _% (7)

where
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22 2 22 2
reg:+r reo:+r 2
a =—""", @, =——, a3:_[r29§0n+r§rﬂ]’
g g g
=1 B —0 B, =0, 1B, B =0,0>-20,00,+0, 0
B, =r.0, -2r,0,0.+r,0;, By =01, =20, 1,1, +0,, 1

g T T

3 3
2 2 r° B +rp, B 1 rp
By =1ty =20, 1 1 A1, 15, By = = 2 + -4

The boundary conditions are as under:
(a) No slip conditions at the solid boundaries

u=0at&=0,0<p<, , u=0até=i, ,0<p<j,
u=0at&=i,,0<n<j,, u=0atn=,,,0<&<i,
(b) Symmetry conditions

ou R, ou .
a—:R—na— t?] O’Ztip—§Sl§
n £ g

ou R, ou . )
8—=R—qa—at77:jn,OS§£l§
n ; 0¢

where i, is the number of grid points in & direction till fin tip, iis the

total number of grid points in & direction, Js and J,, are the grid points on
the fin tip and total number of grid points in 7 direction.

ENERGY EQUATION

The energy equation under the assumption of constant heat flux can be
written as

o’T 10T 1 eor* o°T 1 ,oT

+——t— + =—u—,

or* ror r*060* 0Z° a 07
where « is the thermal diffusivity and T is the temperature. The boundary
conditions are
(a) At the solid boundaries

) T=T, atr=r,, B<O=<¢ Ny T=T, at r,<r<n.,0=p

Ill)aa—T:O atr=r,,0<0<¢ VYT =T, atr=r,0<0<p
s
(b) Symmetry conditions

oT

—=0at0=0,r,<r<r, and a—Tzo at@=¢ ,r, <r<r,
00 00

By doing the same treatment as given by Syed [1997] and using the
dimensionless temperature
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_T-T,
ok
where T,, is the wall temperature, Q is the heat transfer rate per unit axial

length of the pipe and k is the thermal conductivity of the fluid, we get the
dimensionless energy equation

o't lor 1 ot u
+——"t— =—
OR> ROR R?>06> Au
u is the mean velocity.

With the dimensionless boundary conditions
(a) Atthe solid boundaries

r=0atR=R, f<0<¢ , 1=0atR<R<R, ,0=p
r=0atR=R,,050<p
(b) Symmetry conditions

T

(8)

0% 0 at0=0,R <R<I
00

ot A
L 0at0=¢ K R<R<I
00

ot

l_0at R=1,0<0<¢
OR

In the computational domain Eq. (8) can be written as:

u
The coefficients «,,a,,a;,a, & a; of the above equation are same as
defined in Eq. (7) and A is the area of the cross section. The transformed

boundary conditions are:
(a) At the solid boundaries

u
AT +Q,T,, — 0T, +QA, T, + 05T, =

t1=0at&=0,0<n<j,, r=0até=i, ,0<p<j,

t=0até=i, ,0<n<j,, t=0atn=j,,0<&5<i,
7

ﬂ=—§ﬂat§=i§,OSnﬁjn

o 0, 0n

(b) Symmetry conditions

R

2=—"6—Tat77:0,znp &<i,

on R, 0¢

or R, or
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SOLUTION PROCEDURE

Momentum and energy equations are discretized using central
differences. One-sided three point and four point difference forms are
used for the first and second derivatives on the boundaries. The step size
in the computational domain is designed as A& =1,An =1. The resulting
system of linear algebraic equations is solved using SOR method with the
optimum relaxation parameter adjusted as mentioned earlier. Solution
was computed for number of extreme geometries using different mesh
sizes and based on these results it was decided to use a grid of 40x20 in
the computational domain for all geometries as a reasonable compromise
between accuracy and computer time.

RESULTS AND DISCUSSION
The range of parameters considered are, ratio of radii 0.5, half fin

angle #=5°, annulus to fin height rato H*=0.2,0.4,0.6,0.8,1.0 and
number of fins N=6,12,18,24,30. The values H~ correspond to 20,40,60
and 100% of the annulus respectively. The expressions for the bulk mean
velocity # and bulk mean temperature 7, are given as

| utdA,
u:A—C”uafAC ’Tb_J:‘:':fu—dAc

In curvilinear coordinates (5,77) above expression becomes

) \/—ura’fd
e o

The product of local friction factor and Reynolds number ( f Re) and
Nusselt number Nu in dimensionless from are given as:

2D} -D
fRe="" |, Nu= h
cu P,
where Dy is the hydraulic diameter defined as
Area of Cross Section
D, =4x

Wetted Perimeter
and P, is the heated perimeter.

To validate the model, results were obtained for the limiting case of zero
fin height so that the comparison can be carried out with the known
results of the double pipe geometry. Table 1 shows a comparison of the
computed results carried out by us with those of Kakac et al. [1987]. For
the sake of comparison results are calculated for geometries of ratios of
radii 0.05,0.1,0.25 and 0.5 in this limiting case only. The results obtained
are in excellent agreement.
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Table 1: Comparison of the limiting case results.

A

R fRe Nu

Computed Literature Computed Literature
0.05 21.5931 21.5675 17.7858 17.8113
0.10 22.3510 22.3429 11.8943 11.9058
0.25 23.3017 23.3018 07.7670 7.75347
0.50 23.8143 23.8125 06.1917 06.1810

The results of fRe and Nu normalized by those of finless double pipe

results are drawn in Figs. 4 and 5. The solid line shows the results of
Syed [1997]. Again the results are comparable.

Fig. 4: Comparison of f Re results.
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Fig. 5: Comparison of Nu .
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CONCLUSION

The solution of coupled heat transfer equations generally requires a large
amount of computational work both with the analytical and numerical
methods. A study is carried out to reduce the amount of computational
work and at the same time acquire the required order of accuracy. Body
fitted grid is generated for this purpose and it is shown that the results
obtained by solving the momentum and energy equations are in
conformity with the existing results.
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