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Abstract

This paper concerns the construction of second order neighbour designs.
The idea of using the linear model in such designs will be introduced to
construct the treatment balanced designs which are second-order
neighbour balanced. The designs are constructed using variation of a
simple method which is referred to as the method of cyclic shifts.
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INTRODUCTION

Rees [1967] introduced the concept and name of 'neighbour designs'. The class of
Rees neighbour designs includes schemes given in 1892 by Lucas [1957] for
round dances. Rosa and Hawang [1975], Hwang and Lin [1974] and Bermand et al
[1978] used the term balanced circuit designs for such designs. But none of the
above such designs consider the second order neighbour. In this paper we will
consider the construction of block designs for the case, where the plots in each
block are arranged in a circle. Each plot, therefore, has two neighbours and a
design is said to be first order neighbour-balanced if each treatment has every
other treatment as a neighbour an equal number of times. Let this number be Aq. A
design is second-order neighbour-balanced if each treatment has every other
treatment as one plot-away neighbour an equal number of times. Let this number
be A,. The parameters of first-order and second-order neighbour designs are A
and A,. These parameters are not independent and satisfy the following relation:

vr=bk, Ay (v-1)=2r, Ay (v-1)=2r (1.1)
Here is an example of design which is second-order neighbour-balanced. For v=11
andk=5

0123 456 7 8 910
8 91 0 1 2 3 4 5 6 7
4 5 67 8 9100 1 2 3
6 7 89100 1 2 3 4 5
56 78 910 1 2 3 4

In the above design it is seen that in block 1 treatment 4 is the right second-order
neighbour and treatment 6 is the left second-order neighbour of treatment 0. In
block 8 treatment 1 is the right second-order neighbour and treatment 7 is the left
second-order neighbour of treatment 0. Similarly it can easily be found the other
second-order neighbour of treatment 0.
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It will be explained how one can find the second-order neighbour count from the
shifts in Theorem 3.1.
The mathematical model is

Yi =M+ 1+ By + Bty + Vir2) + Vi) + O F €

i=1,2,.,k j=1,2,..b

where
M is the general mean,
7; is the direct effect of the treatment applied to plot i,
B+1) is the first-order right-neighbour effect of the treatment on plot (i+1) mod (k+1)
B(-1) is the first-order left-neighbour effect of the treatment on plot (i -1) mod (k+1)
Yi+2) is the second-order right-neighbour effect of the treatment on plot (i+2) mod k
Y (-2)is the second-order left-neighbour effect of the treatment on plot (i-2) mod k
q; is the effect of block j

g is an independent random error with mean zero and variance c°.

In matrix terms, the model can be written as:
Y=XOH+X1T+X25+X3’Y+X4G+E

where

Y is the bk x 1 vector of response.

X, is the bk x 1 vector of 1's.

X is the bk x v incidence matrix for treatment effects.

X, is the bk x v incidence matrix for neighbour effects.

X3 is the bk x v incidence matrix for second-order neighbour effects.

X4 is the bk x b incidence matrix for block effects.

T is the v x 1 vector of treatment effects.

B is the v x 1 vector of first-order neighbour effects.

v is the v x 1 vector of second-order neighbour effects.

ais the b x 1 vector of block effects.

€ is the bk x 1 vector of random errors.

If one lets
X' =[Xq": X{": X,": X3']and
I=[y, 7, B, o]
the model can be written as:
Y=XIl+¢

A

The set of normal equations required to obtain the least squares estimate of IT js
(X'X) 11 = X'Y
Here G=Xo'Y, T=X{Y,Ri1=X'Y,R,=X3'Yand B=X,'Y.
One can also note that
XO' Xo =bk=rv, XOl X1 = rE1’V, , XO' X2 = 2rE1YV, XOl X3 = 2rE1,v, , XO' X4 = kE1’b’
X1'X1 =r|vV,X1'X2=L1 , X1'X3=L2 , X1|X4=N, X2'X2=M1 ,XZ'X3= Mz,
Xz‘ X4 =2N , X3' X3 = M3 X3' X4 = 2N, )(4l X4 = klb
where E, , is a matrix containing all 1's and is of dimension 1xv.
Under the restrictions
Ewt=EyB=0, Eiyy=0, Eqp a=0 and after simplification the adjusted LS
estimates for 1, 3, and y are
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rlv — (1NN Ly- (2/k)NN" Ly — (2/k)NN° T T - (1/k)NB
Li- (2/k) NN* M; — (4/K)NN" Mz — (4/k)NN” p = R — (2/k)NB
Lo- (2/k) NN* Mz — (4/K)NN" M; — (4/k)NN” ;? Rz — (2/k)NB

It will be noted that NN' is the treatment concurrence matrix whose (i, i')th element
is the number of times treatments i and i' occur together in the same block, i # i'
and the (i, i')th element of L, is the number of times treatment i’ is a neighbour of
treatment i, i # i'. That one do not distinguish between right-and left-neighbours
when constructing the matrix L;. My is a matrix whose (i, i') th element is the
number of times treatment i and i' have a common neighbouring plot for i # i'. For a
first-order neighbour balanced design, all off-diagonal elements of L; must be
equal. For a treatment-balanced design all off-diagonal elements of NN' must be
equal. The (i, i"th off-diagonal elements of L, gives the number of times each
treatment pair (i, i') appears together as a second-order neighbours. A design is
neighbour-balanced for second-order if the off-diagonal elements of L, are all
equal. We can find the off-diagonal elements of L, by using theorem 3.1 (given in
Methods of construction).

One also notes that M3 is a matrix whose off-diagonal elements are the number of
times each treatment pair has a second-order neighbouring plot in common and
the (i, i'th element of M, is the number of plots which are the second-order
neighbour of i'. It will be considered the construction of such designs from the view
point of using cyclic shifts. The method is defined below. For more details see Igbal
[1991].

METHODS OF CYCLIC SHIFTS

The method of cyclic shift is a particular way of constructing a cyclic incomplete
block design. This method is described here for a design with v treatments in b
blocks of size k. The method of construction is described for one set of v blocks.
Larger designs are constructed by combining the blocks of two or more full or
partial sets of blocks. One can allocate to the first plot in ith block the treatment i,
i=0, 1, 2, ..., v-1. This is denoted by using the vector u;=[0, 1, 2...], which holds the
treatments allocated to the first plot in each of blocks 1,2,...,v, respectively. To
obtain the treatment allocation of the remaining plots in each block, cyclically shift
the treatment allocated to the first plot. In order to define a cyclic shift, let u;
denotes the 1xv vector which defines the allocation of the treatments to the ith plot
in each block. That is, the jth element of u; is the treatment allocated to plot i of
block j. A cyclic shift of size q; applied to plot i, is then such that uj.q =[u; + q; 1],
where addition is mod v, 1 is a 1xv vector of ones, 1< i < k-1 and 1< q; < v-1.
Assuming that we always start with uy, as defined above, a design is completely
defined by a set of k -1 shifts, Q, say, where Q=[q1,92,...,0k-1]. TO avoid a treatment
occurring more than once in a block one must ensure that, sum of any two
successive shifts, the sum of any three successive shifts,..., sum of any k-1
successive shifts is not equal to zero mod v. Subject to this constraint, Q may
consist of any combination of shifts including repeats.
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To illustrate the above method of construction let us consider the construction of a
design for v=6 and k=4. The set of shifts defined by Q=[q:,9.,93], where
g=1,2,3,4,5, i=1,2,3. Suppose Q = [1, 2, 5]. Then u=[0,1,2,3,4,5], u,=[1,2,3,4,5,0],
us=[3,4,5,0,1,2] and u,s=[2,3,4,5,0,1]. The complete design is given below as
Design 2.1.

Design 2.1
012345
123450
345012
234501

The properties of a design depend on the number of concurrences made between
the pairs of treatments. Because of the cyclic nature of construction, the number of
concurrences between any treatment and remainder can be obtained from the
number of concurrences between treatment 0 and the remainder. Also the number
of concurrences between treatment 0 and remainder can easily be obtained from
Q. If shift g4 and q,, for example, are applied successively to treatment 0, the result
is a concurrence between treatment 0 and treatment g4 and g, and a concurrence
between treatment 0 and treatment q4+q,. If a third shift, g3, say, is then applied
after q; and q, the following treatments will also concur with treatment 0: gz, g.+9s
and gi+g.+qz. This adding of shifts to get the treatments which concurs with 0
works for the general case and so enables the number of concurrences of a design
to be obtained directly from the shift which defines it. In general case if shifts q4,
Jz:---,Gi1 have been applied successively to treatment 0, then the additional
concurrences which results when shift g; is applied are between treatment 0 and
treatments qi, q+qi.1,...,q2+qst+...+q;, ,...,q1+Q2+...+q. One also notes that the
number of concurrences is "symmetric" about [v/2] in the sense that any shift of
size g that results in a concurrence between treatment 0 and treatment g also
results in a concurrence between treatment 0 and treatment (v-q) mod v.

In the design 2.1, q4=1, q2=2 and q;=5 was used. From this one obtains q+q,=3,
g2+t9s=7=1 (mod 6) and g4+q>+q3=8=2 (mod 6). In the above design one appears
twice (i.e. q4=1 and q,+qs=1) and since 1 is symmetric to 5 and 5 appears once
(i.e. gz=5). Therefore, the concurrence between treatment 0 and treatment 1 is 3
and between treatment 0 and treatment 5 is also 3. Similarly 2 appears twice (i.e.
02=2 and qy+Qg.+Qq3=2), and since 2 is symmetric to 4, therefore, the concurrence
between treatment 0 and treatment 2 is 2 and also between treatment 0 and
treatment 4 is 2. And 3 appears once (i.e. q;+9,=3) and 3 is symmetric to itself,
therefore, the concurrence between treatment 0 and treatment 3 is 2. Therefore,
the concurrences between treatment 0 and treatments 1,2,3,4,5 are 3,2,2,2,3
respectively. The concurrences between treatment 1 and treatments 2,3,4,5 follow
the same pattern i.e. the concurrences are 3,2,2,2. Similarly the concurrences
between treatment 2 and treatments 3,4,5 are 3,2,2 and so on.

By using certain combinations of shifts we can construct designs that are made up
of complete replicates of smaller designs. When v and k are not relatively prime,
then partial sets of v/d blocks can also be obtained, where d is any common divisor
of v and k. The shifts produce such partial sets of blocks can be obtained as
follows. The smallest integer 'a' is found where (axv)/k=n and n is an integer. Then
if the sets of shifts used to construct the design is such that the sum of every 'a’
successive shifts adds to n. The design will contain v/n blocks. It refers to designs
which are constructed using such shifts as "fractional designs". These fractional
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designs are useful because one or more of their replicates can be added to
another design or designs to obtain another design.

For v even and k even, one can also construct fractional designs by (i) setting the
middle shift (k) equal to v/2 and ensuring that shifts q; and qy. i=1,2,...(k/2 -1) are
complement of each other. So, for example, if v=6 and k=4, a fractional design can
be constructed by using the sets of shifts [2,3,4] or the set [1,3,5]. As an illustration
of a fractional design, consider Design 2.2 below, which was constructed using the
set [2,3,4]. It can be seen that the blocks can be grouped into two sets of three
blocks: (0,2,5,3), (1,3,0,4) and (2,4,1,5). These three blocks constitute a half
replicate of the design. Such fractional replicates are denoted by adding a fraction
to the set of shifts used to construct the complete design. Therefore, it would
denote the replicated set of three blocks in Design 2.2 by using the notation
[2,3,4]1/2.

Design 2.2

oN o
ow
NN
N O W
wWoh
NN

345 012

In order to construct a design with more than v blocks, one can combine the blocks
obtained from more than one set of shifts. As an example, Design 2.3 below is a
design for 6 treatments in 15 blocks of 4 which has been constructed by combining
together the blocks which are obtained from the three sets of shifts [1,1,2], [1,1,3]
and [2,3,4]1/2. In short notation one would say Design 2.3 had been constructed by
using shifts [1,1,2]+[1,1,3]+[2,3,4]1/2. Where the "+" sign indicates that the blocks
constructed from the separate sets of shifts must be combined together.

Design 2.3
012345 012345 012
123450 123450 234
234501 234501 501
450123 501234 345
In next section it will be explained how to choose the sets of shifts which give

neighbour designs in circular blocks.

METHODS OF CONSTRUCTION
If treatment O is on plot i in block j, then the treatment a, say, on plot (i+1) mod
(k+1) is the right-neighbour of treatment 0 in that block. The treatment on plot (i-1)
mod (k+1) in block j, is the left-neighbour of treatment 0 in block j. The cyclic
method of construction ensures that if any treatment, a say, is a right-neighbour of
treatment O in block j, then treatment v-a mod(v) will be left-neighbour of treatment
0 in some other block |, j' # j. This property makes the counting up of the right- and
left-neighbours of treatment 0 quite easy. If a shift a, say, is applied to treatment 0,
then treatment ‘a@’ will be a right- neighbour of treatment 0. In some other block
treatment v-a mod (v) will be a left-neighbour of treatment 0. To give it a name, one
calls v-a mod (v) the complement of shift g. Therefore, given a set of shifts Q, one
can determine all the right- and left-neighbours of treatment 0 from the shifts
contained in Q. The shifts q4, qo,...,0k.1 define the right-neighbours of treatment 0
and qqi+qot...+qq, mod (v) defines the left-neighbour of treatment 0 in the first
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block. By taking the complements of these k shifts, one gets all the remaining
neighbours of treatment 0.

The conditions that the shifts must satisfy to produce a neighbour-balanced design
will be given in Theorem 3.1 and to produce also a second-order neighbour
balanced design is given in Theorem 3.1 below:

THEOREM 3.1

A design is second-order neighbour-balanced if each shift appears an equal
number (A;) of times in a new set of shifts where this new set of shifts consist of (i)
the sum of every two and (k-2) successive shifts and (ii) the complements of the
shifts in (i).

Proof

Treatment O in row i is the left-second-order-neighbour of the treatment in row (i+2)
mod k if i £ k - 2 and can be obtained by adding the corresponding two successive
shifts (i.e. the shifts used to construct the (i+1)th and (i+2)th row). For i = k-1, the
left-second-order neighbour can be found as complement of the sum of k-2
successive shifts q4,qz,....... Qk2 and for i = k, it can be found as the complement of
the sum of the k-2 successive shifts g»,q3,......... Qk.1- Similarly treatment 0 in row i,
i>2 is the right second-order neighbour of the treatment in row i-2 and can be
obtained by taking the complement of the sum of every two successive shifts. If i<2
treatment 0 is the second-order right-neighbour to the treatment in row (k-2+i) and
can be obtained by taking the sum of every k-2 successive shifts. Since these two
contain all the values of list(i) and (i), the design will be second-order neighbour-
balanced with A, = 2r/(v-1).

One can also find the off-diagonal elements of M,, M, and M3 from the set of shifts.
To obtain the off-diagonal elements of the matrix M4, one constructs the lists (i) and
(i) which are defined as follows. To obtain the elements in list (i) add together each
successive pair of shifts and enter their sum in the list. In list (i) enter the sum of
each successive set of (k-2) shifts, take the complement of each number of list (i)
and (ii), then count the number of times each of the treatment labels 1,2,....... V-1
occurs in the list (i) and (ii) and their complements. These counts are the off-
diagonal elements in the first row of M4. The remaining rows can then be obtained
by cyclically shifting the entries in the first row. One can also find the off-diagonal
elements of M, and M; from the shifts, however, there is no straight forward rule
which is true for all values of k. Therefore, consider some different values of k and
give the new set of shifts, which give the off-diagonal elements of M, and Ms.

First consider M,. For each of the following values of k one finds the following two
sets of new shifts and then counts the number of times each treatment label
appears in the lists. These will be the off-diagonal elements of M.

a) k=4

New set (i) d1,02,0s, Q1+02+Qs.

New set (ii) is the complement of elements in set (i).

b) k=5

New set (i) 91,92,03,04, 41+0d2, 2+, d3+d4, Q1+Q2+ds, G2+0s+ds, Q1+d2+q3+0s.

New set (ii) is the complements of elements in set (i).

C) k=6

New set (i) 91,92,93,94,95, 2(q1+02*03), 2(q2+93+04), 2(d3+da*Js), 91+02+Q3, s, Je-
New set (ii) is the complement of elements in set (i).
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d) k=7

New set (i) 1,02,03,04,95,96, 91+02, O3, A2+, 4, G3+0s, ds, Jatdstde, Q1+Q2*0s, Os,
Q2+Q3*datQs, q3+Qs*tQstde, q1+q2*tqs+ds+Qs*tQs

New set (ii) is the complement of elements in set (i).

Similarly, now consider M3 and have the following new sets of shifts (However, for
k = 4, one can have that M; = 0 and so no sets of shifts are given).

a) k=5

New set (i) 01,02,03,94, Q1+02+0s+0s

New set (ii) is the complement of elements in set (i).

b) k=6

New set (i) 91+dz, Q2%0s3, G3*04, Ga*0s, G1+02+Q3+ds, G2*+03+04+Qs,

New set (ii) is the complement of elements in set (i).

c) k=7

New set (i) qi+d2tds, QotQs*ds, Qstdatds, datdstds, O1td2tdstqs, Qotqstdatas,
Q3+Q4*Qgst+Qs.

New set (ii) is the complement of elements in set (i).

ADDING AN ADDITIONAL TREATMENT
Sometimes a design for v - 1 treatments with block sizes of k and k-1 can be
converted into a neighbour-balanced design for v treatments, and all blocks of size
k, by adding an additional treatment to each of the smaller blocks of size k-1.
Design 3.1.1 below, is an example of such a design for v=6, k=3 and A; = 2, A, =2
with set of shifts Q; = [1,1] and Q; = [1]t.
Design 3.1.1

0123401234

1234023401

2340155555
The following Table 3.1 consists of some designs which are first-order as well as
second-order neighbour balanced. These designs are also treatment balanced
except the designs for v =12, 13 and k = 6.

Table 3.1: First-order as well as second-order neighbour balanced designs.

Sets of Shifts
[1,2]
[1,11+[2,2]
[1,1]+[2]t

[1,2]

3 [1,1]+[1,2]+[1,4]+
[2,2]+[2,5]+[3,3]+
[3.4]

9 3 [1,2]+[41t(*2) 17 1 1

10 3 [1,3]+[2,2]*+[3,3]"5

[1]t 2 2 2

11 3 [1,1]+[2,2]+[3,3]+

[4,4]+[5,5] 3 3 3

2 Con

-

k
3
3
3
3

ONO Oh L
D=2NWN >
D=2NWN >
D=2NWN
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vk Set of shifts A A, Con
12 3 [1,2]+[1,5]+[2,3]+

[4,4)% 2 2 2
13 3 [1,3]+[2,5] 17 1 1
15 3 [1,3]+2,6]+[5,5]"4 1T 1 1
16 3 [1,3]+1,6]+[2,3]+

[2,6]+][5,7] 2 2 2
17 3 [1,1]+[2,2]+.....

......t[8,8] 3 3 3
19 3 [1,5]+[2,8]+[3,4] 1 1 1
21 3 [1,9]+[2,4]+[3,5]+

[7,71% 1T 1 1
23 3 [1,1]+[2,2]+......

e H11,11] 3 3 3
25 3 [1,5]+[2,8]+[3,9]+

[4,7] 1 1 1
27 3 [1,4]+[2,10]+[3,8]+

[6,7]+][9,9]"5 1 1 1
29 3 [11]+[2,2]+.......

..... +[14,14] 3 3 3
31 3 [1,14]+2,10]+[3,8]+

[4,5]+[6,7] 1 1 1
37 3 [1,13]+[2,3]+[4,11]+

[6,10]+[7,12]+[8,9] 1 1 1
4 4 [21,2]%+[1,1,1]1/4 2 2 3
5 4 [1,34] 2 2 3
6 4 [1,2,5]+1,34]+

[1,3,5]"2 4 4 6
7 4 [1,11]+2,2,2]+

[3,3,3] 4 4 6
8 4 [1,2,3]+2,4]t 2 2 3
9 4 [1,2,3]+2,5,3]+

[2,4,4]+[4,1,6] 4 4 6
10 4 [1,2,4]+[1,4,2]+

[1,6,5]+[1,7,4]+

[3,5,7]"% 4 4 6
11 4 [1,1,1]+[2,2,2]+....

....... +[5,5,5] 4 4 6
12 4 [2,7,5]+[5,2,3]+

[1,71t 2 2 3
13 4 [1,2,6]+[3,4,8]+

[8,1,10] 2 2 3
14 4 [1,3,2]+[1,5,11]2+

[3,9,6]2+[1,3]t+

[2,6]t 4 4 6
16 4 [1,6,5]+[3,7,7]+

[4,2,10]+[6,10] t 2 2 3

5 5[1,1,1,1]1/5+
[2,2,2,2]1/5 1 1 2
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6 5 [22221/5+

[1,2,1]t 2 2 4
7 5 [1,1,1,1]+[2,2,2,2]+
[3,3,3,3] 5 5 10

9 5 [1,1,3.2]+[1,2,3,5]+

[3,3,4,4]+[3,4,1,2] 5 5 10
10 5 [1,2,3,5]+[4,1,6] 2 2 4
11 5 [8,7,2,10] 1 1 2
7 6 [1,1,2,2,4] 2 2 5
9 6[1,5437]% +

[1,2,2,5]t 2 2 5
12 6 [1,2,3,4,5]+

[5,10,2,3] t 2 2 456
13 6 [6,3,5,9,2] 1 1 23

7 7 AT+
...+[3,3,3,3,3,3]1/7 1 1 3
8 7[26541]t+
[4,4,4,4,4411/7

N
N
(0]

All the designs given in the above Table 3.1 are new. No one has considered such
designs before. In all cases one can find the properties of a design from the sets of
shifts used to construct the designs instead of constructing the actual designs.
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