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Abstract: Posterior distribution is the workbench in Bayesian analysis. The
posterior distribution for the parameters of the Rao-Kupper model for paired
comparison data is derived using the (informative) Dirichlet-gamma prior
distribution. In this study, an attempt is made to find analytical expression for the
posterior (marginal) distributions of the parameters of the Rao-Kupper model.
Five approximate analytical expressions for the marginal posterior distributions of
the threshold parameter and three analytical expressions for posterior distribution
of the treatment parameters are presented in this study.
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INTRODUCTION
Sometime it may be difficult for a panelist to rank or compare more than
two objects or treatments (m>2) at the same time especially when
differences between objects are small or the criteria are rather subtle
(m=2). For this reason paired comparison data is sometime regarded as
more reliable and can be obtained more readily from panelists. A detailed
review of the literature concerning the methods/models of paired
comparisons has been given by David [1988].
Consider a paired comparison ftrial with 'm' treatments or objects

T,T,,...,T,,. There are 'm(m-1)/2' all possible pairs of 'm' treatments.
Each pair (T, T;), (i< j1<i,j<m)is ranked 7, times independently. Let

0,,0,,...,0,, be the 'true’ ratings (or preferences) of 'm' treatments on a
subjective continuum. A model can be based on the idea that when a
panelist is confronted with treatment T., she responds with an

'unconscious' or 'latent' variable X, (a latent variable is a quantity which
either in practice or in principle, cannot be directly observed or
measured). The assumed mechanism is that she prefers treatment T, to

treatment T, if X; > X;. Bradley and Terry [1952], and Bradley [1953]

proposed a model of paired comparisons for the trial mentioned above.
The Bradley-Terry model implies that the difference between two latent

variables (X, —XJ.) has a logistic (squared hyperbolic secant) density

with location parameter (In6, —In6;). Let y; denotes the probability
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P(X, > xj\ei,ej) that the treatment T, is preferred to the treatment T,

(i# ]) when the treatments T, and T, are compared then

1 © 2
Vi _ZJ._unei—mej)SeCh (y/2)dy
= 9_ i, 1,j=1,2,...,m. (1)
The Bradley-Terry model defined by (1) does not allow ties.

THE RAO-KUPPER MODEL FOR PAIRED COMPARISONS
Rao and Kupper [1967] proposed a modification of the Bradley-Terry
model to allow for tied observations. They introduced a threshold

parameter 3=InA and assumed that if the observed difference ( X, — Xj) is
less than & then the panelist is unable to distinguish between T, and TJ.
and will declare a tie. Now the probability P{(X; - X;)>5]0,,0,} that the
treatment T, is preferred to the treatment T, (i # ) when the treatments

T, and T, are compared is denoted by y;; and is given by:
1 (o

ZJ‘—(Inei—Inej )+3
0,

= (2)

0, + 20,

The probability that treatment TJ. is preferred to treatment T, is denoted

by wv,; and may be obtained by swapping i with j in (2). The probability

Wiy = sech®(y/2)dy

that treatments T, and T, have no preference is denoted by y; and is

given by
3 1 (-(n6,-Ing;)+3 2
Voij = Zj._unei—mq )-8 sech™(y/2)dy
(A2 —1)9,6,

= (3)
(6, + xej)(xei + ej)
The Rao-Kupper model is given by Egs. (2) and (3). If A=1 then the Rao-
Kupper model yields the Bradley-Terry model.
The notations to describe the data and the likelihood function are:

N, = 1 or 0 according as treatment T, is preferred to treatment T, or not

in the K'th repetition of comparison.

=1 or 0 according as treatment T is tied with treatment T. or not.

n i i

0.ijk
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It is noted that: Nojc + N Ny =1 and Ny =ng.
N = 2, N = number of times treatment T; is preferred to treatment T,;.
Ny =2 Noix = number of times treatments T, and T, are tied.

r, = number of times treatment T, is compared with treatment T, and

M =Ny +Ny +N; =T,

o.ij i.ij - it
The following notation is useful for further simplification of the likelihood,
N = Noie T N » N = Nojie + Niie = — N »

n; = zknijk =number of times treatment T, is preferred to treatment T,

and number of times treatments T, and T, are tied,

m
n, =Znij = total number of times treatment T, is preferred to any other
j#
treatment and the number of times T, and T, are tied.

m
= Zno_ij = total number of times treatments T, and T, are tied.

i
i<j

Probability of the observed result in k'th repetition of the pair (T, T,)s:

o ( 1) . 6 Mijk ej Njik
. 0,+%0, ) (A6,+6,)

Now we put a constraint on the treatment parameters of the model that
they are positive and sum to unity, this condition ensures that the
parameters are well defined i.e. identifiable. Hence, the likelihood function

of the observed outcome x {where x represents the data (n;;,n;;,N,;)} of

the trial is:
1062,0,..,6,) =T ][ [P
i<j=1 k=1
- [k o
_ _ i(<j=1 =1 ’ (4)
1_[(9i +16,)"
i#]
where K; =r,/(n,;! , 0<6,<1(i=12,... ),;Gi:1 and A>1,

here A is the threshold parameter and 0,,...,0,, are the treatment

parameters.

m
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THE CHOICE OF PRIOR DENSITY
One of the main differences between classical statistics and Bayesian
statistics is that the latter can utilize the prior information in a formal way.
The Dirichlet distribution is assumed to be a prior distribution for the

treatment parameters 0,,0,,...,0,, and for the threshold parameter A the
prior distribution is assumed to be independent of that for treatment
parameters 0,,0,,...,0,, and to have a gamma distribution, so the prior

distribution of the parameters 6,,0,,...,0,, and A has the following form:

e—bz(x—1)(7L 1)b1 1bb1 m
1,0,,...,0, )= 5
P10, ) B(a,....a,, )['(b,) 1_1[ )
0<6,<1(i=12..,m),> 6, =11 >1.
i=1

where a.(i=1,...,m), b,, b, are the hyperparameters and a,,b,,b, >0.

THE POSTERIOR DISTRIBUTION FOR THE PARAMETERS
OF THE MODEL

The posterior distribution for the treatment parameters 6,,0,,...,0,, and
threshold parameter A using the likelihood function (4) and the prior
distribution (5) is:
m
e—bz(k—1)0L _ 1)b1+n0—1(}\‘ + 1)n0 l_lela| +n;—1
(O, 0, AJX) o . Z ., (6)
[T6+2ap

i#j

>.6,=10<6, <11 >1,
i=1
where n,n; and n; represent data.

AN ATTEMPT FOR CLOSED FORMS OF THE MARGINAL
POSTERIOR DISTRIBUTIONS
The (marginal) posterior densities of the threshold parameter A and the
treatment parameter 6, are derived and examined to find closed forms.

(a) The marginal posterior density of the threshold parameter A for the
case of two treatments has the following form by using the constraint

0,+6, =1, and taking 6 =0, = 6, =1-0:

artn—1rq4 — n\ax+ny—1
p(A[x) o @ 20D (h —)Prenesz (3, 4 g)ere r 0 (1n 0) do :
°0{0+A(1-06)}"{A0+(1-0)}"™

A>1,  (7)
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The integral in (7) is intractable; the following attempt is made to obtain
the approximate analytical solution (closed form) for the integral of (7).

APPROXIMATION (1)
Let the integrand in (7) be denoted by f(0)i.e.
a;+nyp—1 ay+Nny—1
f(o)= 2 _(1=0) ,
{6+A(1-0)}"2{L0 + (1—0)}"™
To draw different graphs, the hypothetical data given in following Table is
considered and the values of the hyperparameters are assumed to be:

a,=3,a,=3, b,=2andb, =1.

0<0<1.  (8)

Table: Hypothetical Data

Pair Ny, Nypyp Nggp Ny Ny
1,2 10 30 01 11 31

The quadrature method is applied for the evaluation of the integrals. The
shape of f(0) has been examined at different values of A (graph for A=2

is given in Fig. 1). The graph looks like the beta distribution.

I I T T I I T T I I T
0.0 0.1 0.2 0.3 0.4 0.5 0.e 0.7 0.8 0.81.0

0
Fig. 1: Integrand of Posterior (Marginal) Density i.e. f(@)

In the denominator of f(0), & is replaced by (1-6) in the first part of the
product and (1-6) by @in second part, then the density of A becomes:
o,01) b 1 | 1 ea1+n12—1 (1 _ e)a2+n21—1 de
p(}\’|x) oce 2 (7\‘ _1) 17 Mo.12 (}\4+ 1) o.12 I
O(1+A)" (A +1)" 0™ (1-0)™

oc @ 20 1) (1 1) 2 B(a, +n,, —Ny,, @, +Ny —Ny,), 231, (9)

It is found that for large value of either n, or n,, the density (9) becomes
improper. So this approximation is not useful.
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APPROXIMATION (1)
Now we try to replace the denominator of f(0) by

h(Bloc,), B, ) = 0% (1-0).
Then the density (7) is:
artn-1r4 _ n)a2+ny—1
p(}\«|X) e e‘b2(7»4)(}\4 _ 1)'-"1*"'0.12*‘1 (K + 1)”0.12 0 " (1 e) 3 de
0 (R (1 _ 9) )
oc @ 20 (— 1) (1) Bl +n,, —0l(,), @, +Nyy —Bw), A >1. (10)
where B stands for a Beta function and values of o)) and /3, at various

values of A and @ (e.g. A=1.5, # =0.2 and 0.8) are calculated by the
following equation:

o, IN(0)+B, IN(1-0)=n,, In{o+1(1-0)}+ny InfA0 + (1-0)} (11)

134 -204
E =30
=40
11 504
104 -604
e Bk
-804
8 -50 4
77 -1004
% Fig. 2 o
] el Fig. 3
5 =130 g
“ T T T T T T T T T T -1401, R T T T T R —
0.0 0.1 0.2 0.3 0.4 0.5 0. 0.7 0.8 0.% 1.0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.91.0

Fig. 2: Logarithm of the denominator of f(0)i.e. g(0).
Fig. 3: Transformed denominatori.e. h(8).
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Fig. 4: Posterior (Marginal) density of A . Fig. 5: Approximate density of A .
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The graphs of the right hand side {i.e. log of the denominator of f(0)} and
left hand side {i.e. log of h(e‘am,ﬁ(k))} of (11) are given in Figs. 2 and 3
respectively. In this approximation, the density (10) remains proper. The
graphs of (7) and (9) are given in Figs. 4 and 5 respectively for
comparison. It is noted that they are approximately equal. This
approximation is encouraging and can be used for analysis.

APPROXIMATION (lll)
Another approximation is considered by examining the graph for the log
of denominator of f(6) (Fig. 2). The graph indicates an exponential

function. So the denominator of the f(0) is replaced by the exponential

function @™ then the integrand becomes:
f(0)=e™°0*"™(1-0)*"™", uis constant. (12)
Now the integral has a following closed form [Erdelyi et al. 1954]:

1
je-“99°1-1 (1-6)*"'de=B(c,,c,)®,(c,,0,c, +C,,0,—n)  (13)
0

where Cy=a,+N;;,C, =a, +Ny.
This approximation is not simple because the function @, is complicated.

APPROXIMATION (1V)

Let us consider A = 1+¢ where ¢ is small with high probability. Now the
integral has a closed form as a Beta function but is suitable only for the
small values of ¢ i.e. $<0.1. The closed form of the integral of (7) is:

B(X,Y) =N, 0B(Xx +1y)—np,0B(X,y +1)+.... (14)
where X =a, +n,,, Y =a, +n,, and B stands for a Beta function as:

T zdz 0
B(x,y)=|—, h zZ=——:. 15
(x,y) '!(1+z)"*y where T (15)

APPROXIMATION (V)
Other approximations like Lindley [1980] and Tierney-Kadane [1986]
approximation can be employed to obtain the marginal posterior density
of A numerically because the modes of the parameters involved in both
the approximations are not available in closed forms. Therefore, these
approximations need to be done numerically.
m-1
(b) As 0, = 1—26i so there are 'm-1' effective treatment parameters,
i=1
now the (marginal) posterior density of the treatment parameter 0, has
the following form,
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1-6, b1+n1 a;+n;—1
R A e A G V&
H(eimej)u
drdo,,..,d0, ., 0<0, <1  (16)

Similarly the marginal posterior density of 6, (i=2,...,m-1) can be written
from the (joint) posterior density (6). For the case of number of treatments
m=2, taking 6 =0, the marginal posterior density of the parameter 6 can
easily be derived from (16) in the foIIowing form:
g D201 (k 1)b1+n012_1(}\’+1) 012 )\
{0+1(1-0)}"2 {10+ (1-0)}"
0<Oo<L1. (17)
The problem in obtaining an analytical expression of the integral in (17) is
the same as in the integral of the marginal posterior density of A though

here the situation is more complicated. The following attempts are made
for the approximate analytical solution of the integral in (17).

p(9|x) o ea1+n12—1(1 _e)a2+n21—1 J’

APPROXIMATION (1)
The shape of true integrand {say f(1.)} in (17) is examined (graph is given
in Fig. 6), which is near to the Beta distribution. We can approximate it
with a Beta distribution. The graph of the marginal posterior density of &
(17) is given in Fig. 7.

f(%) p(6x)
0.00020 0,74
0. 00015 1
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0.00004 1 Fig. 6 0] Fig. 7
0.00002 1 '
0.00000 1, : T D'D_I T T T T T T T T 1
1 2 3 0.00.10.20.30.40.50.60.70.80.91.0

Fig. 6: Integrand of posterior (Marginal) density of @ i.e. f()u).
Fig. 7: Posterior (Marginal) density of 6 i.e. p(6|x).

APPROXIMATION (I1)

The evaluation of the integral at different values of ¢ seems to be
constant. So the integral can be absorbed in the constant of
proportionality. Now the posterior density of 8 can be written as:
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p(6|X) oc Q3T (1 _ 6)32+“2_1’ (18)
which is a kernel of the beta distribution.

APPROXIMATION (lll)

The lower bound and the upper bound can be fixed on the integral by
neglecting some terms from the denominator of the integrand. In this way,
the approximate analytical solution is in the form of a beta function.
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